Year 10 Mathematic A:  Rates of Change


Rates of Change

Rates are used to describe how one quantity changes in comparison to another.

Common examples of rates of change include:

Run rate:  the number of runs per over

Heart rate:  the number of heart beats per minute

Interest rate:  the percentage return on an investment per annum.

Average Rates of Change

Open the GSP file: R of C Activities .  Then click on the Maximize button so that the two pages in this GSP file can be seen at the bottom of your document.
1.  (a)  Click on page 1. Bus trip, and use this document to help you complete the following table:

	Distance (km)
	120
	120
	120
	120
	120
	120
	120
	120

	Time (hours)
	1.5
	2
	2.5
	3
	3.5
	4
	4.5
	5

	Gradient of the Distance – Time       graph
	
	
	
	
	
	
	
	

	Speed of bus  (km/h)


	
	
	
	
	
	
	
	


(b)  What does the gradient of the distance-time graph represent?

___________________________________________________________________________

(c)  Complete this statement:  As the time taken for the trip increases, the gradient of the distance-time graph  …………………………….. 

(d)  Does this distance-time graph realistically model a bus trip from Melbourne to Ballarat?

       Explain.

___________________________________________________________________________

___________________________________________________________________________

(e)  What do the calculated speeds actually represent?

___________________________________________________________________________

___________________________________________________________________________

2. (a)  Click on page 2. G to H.  This distance-time graph shows another bus trip between town G and town H. 

Use this document to help you model the various cases described in the following table. 

Fill in the missing entries in the table as you model each case.

	Case #
	1
	2
	3
	4
	5
	6
	7
	8

	Distance to G  (km)
	30
	40
	50
	60
	20
	30
	10
	10

	Distance to H  (km)
	70
	100
	130
	150
	160
	180
	190
	210

	Distance between G and H  (km)
	40
	
	
	
	
	
	
	

	Time taken to reach G  (hours)
	2
	3
	4
	5
	1.5
	3.5
	4
	2.5

	Time taken to reach H  (hours)
	3.5
	5
	6.5
	8
	4.5
	7.5
	8.5
	7.5

	Time of trip from G to H (hours)
	1.5
	
	
	
	
	
	
	

	Gradient of the Distance – Time       graph
	
	
	
	
	
	
	
	

	Speed during trip  (km/h)


	
	
	
	
	
	
	
	


(b)  Does this distance-time graph realistically model a bus trip from town G to town H?

       Explain.

___________________________________________________________________________

___________________________________________________________________________

(c)  What does the gradient of the distance-time graph represent in each case?

___________________________________________________________________________

Notice that to calculate the average speed of the bus we divided the change in distance in travelling from G to H by the change in times taken to reach G and H.  Speed can be considered as the rate of change of distance in comparison to, or with respect to, time. 

The units used to measure the speed, kilometres per hour, indicate this to us. 

In mathematics, the Greek letter 
[image: image1.wmf]D

(delta) is used to represent the word “change”, so we can denote average speed by 
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In general, the notation 
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 is used to represent the average rate of change of 
[image: image4.wmf]y

 with respect to 
[image: image5.wmf]x

.

For example, the average rate of change of volume, 
[image: image6.wmf]V

, with respect to area, 
[image: image7.wmf]A

, is written as 
[image: image8.wmf]V
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Rates can be positive, negative or zero.  A positive rate of change indicates that a quantity is increasing.  For example, an interest rate of 8% per annum indicates that the amount invested will increase by 8% each year.  Similarly, a negative rate of change indicates that a quantity is decreasing in value.  A cooling rate where 
[image: image9.wmf]0

10

T

t

D

=-

D

C/min indicates that on average the temperature is decreasing by 100C every minute.

A zero rate of change indicates that the variable or quantity is not changing.  For example, if the volume of water in a tank remains constant, the average rate of change of volume with respect to time is zero, i.e. 
[image: image10.wmf]0
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t
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 cm3/min.

Gradient and Average Rate of Change 
1. Click on page 3 Average rate  

· Use the selection arrow tool to select the coordinates of the points 
[image: image11.wmf]A

 and 
[image: image12.wmf]B

 given on the sketch.

· Select Calculate from the Measure Menu and enter a rule that will calculate the gradient of the segment
[image: image13.wmf]AB

.  This segment can be written as 
[image: image14.wmf]AB

.  The gradient of 
[image: image15.wmf]AB

 is also the gradient of the line
[image: image16.wmf]AB

 that passes through the points 
[image: image17.wmf]A

 and 
[image: image18.wmf]B

.
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· The gradient of 
[image: image20.wmf]AB

 is the Average Rate of Change of 
[image: image21.wmf]y

with respect to 
[image: image22.wmf]x

 between points 
[image: image23.wmf]A

 and 
[image: image24.wmf]B

.  For example, if the 
[image: image25.wmf]y

values represented distance travelled and the 
[image: image26.wmf]x

 values represented time taken, then the gradient of 
[image: image27.wmf]AB

 is the average rate of change of distance with respect to time, that is, the average speed between 
[image: image28.wmf]A

 and 
[image: image29.wmf]B

.

· Select segment 
[image: image30.wmf]AB

.  Then select Slope from the Measure Menu.  

a. What do you notice about the calculated value of the gradient of 
[image: image31.wmf]AB

 and the measured slope of 
[image: image32.wmf]AB

? ____________________________________________

b. Select and drag point B.  Does the gradient of 
[image: image33.wmf]AB

 change?  ________________
Is the gradient always the same as the slope?  ________________
c. Select and drag point 
[image: image34.wmf]A

.  Does the gradient (slope) of 
[image: image35.wmf]AB

change?  ________________
d. Select and drag the segment 
[image: image36.wmf]AB

.  Does the gradient of 
[image: image37.wmf]AB

change?  ________________ 

2. Drag point 
[image: image38.wmf]B

 to make the average rate of change of 
[image: image39.wmf]y

 between points 
[image: image40.wmf]A

 and 
[image: image41.wmf]B

 equal to each value in the table.  Record the average rate of change, which is the gradient (slope) of 
[image: image42.wmf]AB

, and the coordinates of the points 
[image: image43.wmf]A

 and 
[image: image44.wmf]B

. (In some cases, there are many possible answers but you only need to give one.)  

	Average Rate of Change is:
	Gradient

(Slope)

of 
[image: image45.wmf]AB


	Coordinates of point 
[image: image46.wmf]A


	Coordinates of point 
[image: image47.wmf]B
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x
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	Between 1 and 5
	
	
	
	
	

	Between 10 and 25
	
	
	
	
	

	More than 25
	
	
	
	
	

	Between –5 and -1
	
	
	
	
	

	Between –25 and –10
	
	
	
	
	

	Less than -25
	
	
	
	
	

	Zero
	
	
	
	
	

	Undefined
	
	
	
	
	


3. If point 
[image: image52.wmf]A

 is the centre of a circular clock face and 
[image: image53.wmf]AB

 is the hour hand, 

a.
What hours give a zero rate of change?   _______ o’clock and _______ o’clock

Explain why:  ___________________________________________________________

b.
What hours make the rate of change undefined? _______ o’clock and _______ o’clock

Explain why:  _________________________________________________________

4. Robbinsdale and Edina are 20 km apart along a straight road.  Pete’s house is 2 km and Sam’s house is 5 km from Robbinsdale towards Edina along this straight road.  Car A and Car B travel at constant speeds along the road to reach Edina.  Car A is at Pete’s house at the same time that Car B is at Sam’s house.
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a.
Click on page 4  R to E

Select Calculate from the Measure Menu.  Use the coordinates of the points 
[image: image55.wmf]P

and 
[image: image56.wmf]A

 to enter a rule that will calculate the speed of Car A.  Use the coordinates of the points 
[image: image57.wmf]S

 and 
[image: image58.wmf]B

 to enter a rule that will calculate the speed of Car B.   

Are the speeds average rates of change?  ________  

Explain why: ________________________________________________________

__________________________________________________________________

Why does the slope of 
[image: image59.wmf]PA

 give the speed of Car A? _____________________________

____________________________________________________________________

Why does the slope of 
[image: image60.wmf]SB

 give the speed of Car B? _____________________________

_____________________________________________________________________

b. Drag points 
[image: image61.wmf]A

 and 
[image: image62.wmf]B

 so that the situation in the table is true.  Record the average rate of change of distance with respect to time, which is the speed, for each car.  Also record the travel time from Pete’s house to Edina for Car A and the travel time from Sam’s house to Edina for Car B.  In some cases there are many possible answers. 

	Situation
	Average Rate of Change
	Travel Time 

	
	Speed Car A
	Speed Car B
	Car A 
	Car B

	Car A’s speed is 6 km/hr & arrives before Car B
	
	
	
	

	Car A speed is 9 km/hr & arrives after Car B
	
	
	
	

	Car A’s travel time is 5 hours & it travels slower than Car B 
	
	
	
	

	Car B’s travel time is 4 hours & it travels half the speed of Car A
	
	
	
	

	Car A arrives at Edina 2 hours before Car B
	
	
	
	

	Car A arrives at Edina 2 hours later than Car B
	
	
	
	

	Car A arrives at Edina at the same time as Car B
	
	
	
	

	Both cars travel at the same speed & Car B’s travel time is 4 hours
	
	
	
	

	Both cars travel at the same speed & Car A’s travel time is more than 5 hours
	
	
	
	


Variable Rates of Change

When there is a linear relationship between two variables the rate at which one variable changes with respect to the other remains constant.  This is because the gradient of a linear graph remains constant.  If the relationship between two variables is non-linear, the rate of change between the two variables continually changes.  This is because the gradient of a non-linear graph is continually changing.  To find the rate of change of the variables over an interval we find the gradient of the chord that joins the two points that lie on the curve at each end of the interval.  The gradient of this chord gives the average rate of change over the interval

[image: image194.png]




3.  (a)  Click on page 5. Variable rate, and use this document to help you complete the following:

The graph of 
[image: image63.wmf]()

yfx

=

is shown.  It is a parabola.  Point
[image: image64.wmf]A

 is on the graph of 
[image: image65.wmf]()

yfx

=

.  Point 
[image: image66.wmf]B

is also on the graph.  Its x-distance (or horizontal distance) from
[image: image67.wmf]A

 is 
[image: image68.wmf]h

.

a. Move the slider for 
[image: image69.wmf]h

 to make 
[image: image70.wmf]h

 become 3 (or as close to 3 as possible).  Drag point
[image: image71.wmf]A

.  

Observe what happens to the steepness and length of 
[image: image72.wmf]AB

 and how the numbers in the table change.  Complete the following.

· Do the steepness and length of 
[image: image73.wmf]AB

 change as point
[image: image74.wmf]A

 moves along the graph of 
[image: image75.wmf]()

yfx

=

?      ____________________

· As 
[image: image76.wmf]AB

 gets steeper the length of 
[image: image77.wmf]AB

 gets ____________________
· As 
[image: image78.wmf]AB

 gets steeper the y-distance (or vertical distance) between 
[image: image79.wmf]A

and 
[image: image80.wmf]B

gets ______________ but the x-distance (or horizontal distance) is always ______

b. Make 
[image: image81.wmf]2

h

=

 (or as close as possible to this value).  Then drag
[image: image82.wmf]A

 to make the average rate of change from 
[image: image83.wmf]A

 to 
[image: image84.wmf]B

 become the value shown in the table (or as close as possible to this value).  

Record values from the GSP sketch to complete the table.
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	Rate of Change

from 
[image: image87.wmf]A

 to B

	
	
	-2.5

	
	
	-1.25

	
	
	-1

	
	
	0

	
	
	0.75

	
	
	2

	
	
	2.75


c. Drag
[image: image88.wmf]A

 to make its 
[image: image89.wmf]x

-coordinate, 
[image: image90.wmf]A

x

, equal to 7.  Move the slider for 
[image: image91.wmf]h

 to make 
[image: image92.wmf]h

 become the values given in the table below (or as close as possible to these values).

       Record values from the GSP sketch to complete the table.

	
[image: image93.wmf]h


	
[image: image94.wmf]A

x


	
[image: image95.wmf]()
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	Rate of Change

from 
[image: image96.wmf]A

 to B

	2.00
	7
	
	

	1.00
	7
	
	

	0.50
	7
	
	

	0.05
	7
	
	

	0.00*
	7
	
	

	-0.05
	7
	
	

	-0.5
	7
	
	

	-1.00
	7
	
	

	-2.00
	7
	
	


* Note 
[image: image97.wmf]h

 is only given to 2 decimal places.  It is not equal to 0, but it is very close to zero.

d. Use observations from the GSP sketch and results in the table above to complete the following.

· When 
[image: image98.wmf]h

 gets closer to 0 the point ____ moves closer to the point ____

· When 
[image: image99.wmf]h

 is positive and gets closer to 0 the Rate of Change from A to B gets closer to the number ______

· When 
[image: image100.wmf]h

 is negative and gets closer to 0 the Rate of Change from A to B gets closer to the number ______

· Therefore it appears that when 
[image: image101.wmf]A

x

=

 _______ the rate of change of 
[image: image102.wmf]()

fx

 is ________
e. Drag
[image: image103.wmf]A

 to make its 
[image: image104.wmf]x

-coordinate, 
[image: image105.wmf]A

x

, equal to 9.  Move the slider for 
[image: image106.wmf]h

 to make 
[image: image107.wmf]h

 become the values given in the table below (or as close as possible to these values).

       Record values from the GSP sketch to complete the table.

	
[image: image108.wmf]h


	
[image: image109.wmf]A

x


	
[image: image110.wmf]()

A
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	Rate of Change

from 
[image: image111.wmf]A

 to B

	2.00
	9
	
	

	1.00
	9
	
	

	0.50
	9
	
	

	0.05
	9
	
	

	0.00*
	9
	
	

	-0.05
	9
	
	

	-0.5
	9
	
	

	-1.00
	9
	
	

	-2.00
	9
	
	


* Note 
[image: image112.wmf]h

 is only given to 2 decimal places.  It is not equal to 0, but it is very close to zero.

f. Use observations from the GSP sketch and results in the table above to complete the following.

· When 
[image: image113.wmf]h

 gets closer to 0 the point ____ moves closer to the point ____

· When 
[image: image114.wmf]h

 is positive and gets closer to 0 the Rate of Change from A to B gets closer to the number ______

· When 
[image: image115.wmf]h

 is negative and gets closer to 0 the Rate of Change from A to B gets closer to the number ______

· Therefore it appears that when 
[image: image116.wmf]A

x

=

 _______ the rate of change of 
[image: image117.wmf]()

fx

 is ________
g. Drag
[image: image118.wmf]A

 to make its 
[image: image119.wmf]x

-coordinate, 
[image: image120.wmf]A

x

, equal to 2.  Move the slider for 
[image: image121.wmf]h

 to make 
[image: image122.wmf]h

 become the values given in the table below (or as close as possible to these values).

       Record values from the GSP sketch to complete the table.

	
[image: image123.wmf]h


	
[image: image124.wmf]A
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[image: image125.wmf]()
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	Rate of Change

from 
[image: image126.wmf]A

 to B

	2.00
	2
	
	

	1.00
	2
	
	

	0.50
	2
	
	

	0.05
	2
	
	

	0.00*
	2
	
	

	-0.05
	2
	
	

	-0.5
	2
	
	

	-1.00
	2
	
	

	-2.00
	2
	
	


* Note 
[image: image127.wmf]h

 is only given to 2 decimal places.  It is not equal to 0, but it is very close to zero.

h. Use observations from the GSP sketch and results in the table above to complete the following.

· When 
[image: image128.wmf]h

 gets closer to 0 the point ____ moves closer to the point ____

· When 
[image: image129.wmf]h

 is positive and gets closer to 0 the Rate of Change from A to B gets closer to the number ______

· When 
[image: image130.wmf]h

 is negative and gets closer to 0 the Rate of Change from A to B gets closer to the number ______

· Therefore it appears that when 
[image: image131.wmf]A

x

=

 _______ the rate of change of 
[image: image132.wmf]()

fx

 is ________
i. Drag
[image: image133.wmf]A

 to make its 
[image: image134.wmf]x

-coordinate, 
[image: image135.wmf]A

x

, equal to 5.  Move the slider for 
[image: image136.wmf]h

 to make 
[image: image137.wmf]h

 become the values given in the table below (or as close as possible to these values).

       Record values from the GSP sketch to complete the table.

	
[image: image138.wmf]h


	
[image: image139.wmf]A
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[image: image140.wmf]()
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	Rate of Change

from 
[image: image141.wmf]A

 to B

	2.00
	5
	
	

	1.00
	5
	
	

	0.50
	5
	
	

	0.05
	5
	
	

	0.00*
	5
	
	

	-0.05
	5
	
	

	-0.5
	5
	
	

	-1.00
	5
	
	

	-2.00
	5
	
	


* Note 
[image: image142.wmf]h

 is only given to 2 decimal places.  It is not equal to 0, but it is very close to zero.

j. Use observations from the GSP sketch and results in the table above to complete the following.

· When 
[image: image143.wmf]h

 gets closer to 0 the point ____ moves closer to the point ____

· When 
[image: image144.wmf]h

 is positive and gets closer to 0 the Rate of Change from A to B gets closer to the number ______

· When 
[image: image145.wmf]h

 is negative and gets closer to 0 the Rate of Change from A to B gets closer to the number ______

· Therefore it appears that when 
[image: image146.wmf]A

x

=

 _______ the rate of change of 
[image: image147.wmf]()

fx

 is ________
From the above examples we establish the concept of a rate of change at a single point on a curve, called the instantaneous rate of change because it gives the rate of change of one variable with respect to another at a single instant.

Instantaneous Rates of Change

1.  Click on page 6. Instantaneous rate, and use this document to help you complete the following:

· Drag point A so that 
[image: image148.wmf]8

A

x

=

 (or as close to this value as possible).  

· Move the slider for 
[image: image149.wmf]h

 so that 
[image: image150.wmf]3

h

=

 (or as close to 3 as possible).  

The line through the points 
[image: image151.wmf]A

 and 
[image: image152.wmf]B

is called the Secant line.  

· Click the button Show Secant line to show this line on the sketch.

· Click the button Animate 
[image: image153.wmf]h

 . 

Observe what happens to the point 
[image: image154.wmf]B

 and the Secant line as 
[image: image155.wmf]h

changes.

· Click the button Animate 
[image: image156.wmf]h

 again to stop the animation of 
[image: image157.wmf]h

.

a. Complete the following.

· When 
[image: image158.wmf]h

is positive the point 
[image: image159.wmf]B

 is to the __________of point 
[image: image160.wmf]A

.

· When 
[image: image161.wmf]h

is negative the point 
[image: image162.wmf]B

 is to the __________ of point 
[image: image163.wmf]A

.

· When 
[image: image164.wmf]h

is very close to 0 the point 
[image: image165.wmf]B

 is almost _____ point 
[image: image166.wmf]A

.

· When 
[image: image167.wmf]h

is positive the secant line intersects the graph of 
[image: image168.wmf]()

yfx

=

 in  ___ points.

· When 
[image: image169.wmf]h

is negative the secant line intersects the graph of 
[image: image170.wmf]()

yfx

=

 in  ___ points.

· When 
[image: image171.wmf]h

is very close to 0 the secant line appears to touch the graph of 
[image: image172.wmf]()

yfx

=

 at only ___  point.

A line that touches the graph of 
[image: image173.wmf]()

yfx

=

 at only one point is called the Tangent line. 

· Click the button Show Tangent line at the point 
[image: image174.wmf]A

 to show this line on the sketch. 

b. What happens to Secant line when 
[image: image175.wmf]h

is very close to 0?

When 
[image: image176.wmf]h

is very close to 0 the Secant line 

becomes the same line as the  __________________________________

· Click the button Hide the Secant line to hide the Secant line.

· Move the slider for 
[image: image177.wmf]h

 so that the point 
[image: image178.wmf]B

 is nearly on the point 
[image: image179.wmf]A

.
· Click the button Show definition of Instantaneous Rate of Change.  
Complete the following:

Instantaneous rate of change at a point A 
[image: image180.wmf]=

 Gradient of the ……………………………… to the curve at A
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c. Select and drag point 
[image: image182.wmf]A

 so that 
[image: image183.wmf]A

x

 is the value shown in the table (or as close to this value as possible).  Then record, from the table in the sketch, the number that gives the Instantaneous Rate of Change of 
[image: image184.wmf]()

yfx

=

for this 
[image: image185.wmf]A

x

.

	
[image: image186.wmf]A

x


	Instantaneous 

Rate of Change

	-0.50
	

	1.80
	

	5.00
	

	8.10
	

	11.20
	


d. Select and drag point 
[image: image187.wmf]A

 so that the Instantaneous Rate of Change of 
[image: image188.wmf]()

yfx

=

 is the number shown in the table (or as close to this value as possible).  Then record from the table in the sketch the value of 
[image: image189.wmf]A

x

 for this Instantaneous Rate of Change of 
[image: image190.wmf]()

yfx

=

. 

	
[image: image191.wmf]A

x


	Instantaneous 

Rate of Change

	
	1.00

	
	2.00

	
	0.00

	
	-0.50

	
	-1.50


2.  Click on page 7. Car trip, and use this document to help you complete the following:

· Did the car travel at a constant speed between Melbourne and Ballarat?  Explain.

_____________________________________________________________________


_____________________________________________________________________

· What was the car’s average speed from Melbourne to town E?   ______________

· What was the car’s average speed from Melbourne to town F?   ______________

· What was the car’s average speed from Melbourne to Ballarat?   ______________

· What was the car’s instantaneous speed after 1 hour?   _____________________

· What was the car’s instantaneous speed after 
[image: image192.wmf]15

×

 hours?   _________________

· What was the car’s instantaneous speed after 2 hours?   ____________________

· What was the car’s instantaneous speed after 
[image: image193.wmf]25

×

 hours?   _________________

· What was the car’s instantaneous speed after 3 hours?   ____________________

· What was the car’s instantaneous speed after 4 hours?   ____________________

· What was the car’s average speed over the first 50 km?  ____________________

· What was the car’s instantaneous speed at 50 km?  ________________________

· What was the car’s average speed over the first 90 km?  ____________________

· What was the car’s instantaneous speed at 90 km?  ________________________

· Describe the journey of the car between Melbourne and Ballarat. Mention what occurred between town E and town F.

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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